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In 1843Hamilton discoveredthe quaternions and in
the same year Graves found an algebra with 8 ba-
sis elements. So, mathematicians'knew the division
algebra structures (over JR) on JR, JR2,JR4and JR8in
the first half of the 19th century itself. It took more
than 100 years to prove that these are all the divi-
sion algebrasover JR. This followsfrom a theorem
of Adams (which we will discuss in Part 2). In this
part we also discuss 'vector products' on JR3 and JR7
and Hurwitz's theoremon 'sumsof squaresformu-
lae'.
Division Algebra
Let JR andC denotethesetof realandcomplexnumbers
respectively.Recallthemultiplicationruleofcomplexnum-
bers:
(a+bi) . (e+di) =(ae- db)+ (da+ be)i. (1)
IdentifyingJR2 withC (by(a,b)1-+ a +bi)wegeta multi-
plicationon JR2,namely,
(a, b) . (e,d)= (ac- db,da+ be). (I')
With thismultiplication,JR2 becomesanassociativedivision
algebralover JR. In this case1 = (1,0) is theunityfor the
multiplicationand x-I =x/llxll for all x i= (0,0), where
(Xl,X2)= (Xl. -X2) andII(XI,x2)11= (x~+x~)1/2.
We also know (!) that JR4has a multiplication givenby:
.2 .2 k2 1Z=J= =-,
j .k =i = -k .j,
i. j =k = -j . i,
k. i =j = -i. ok, (2)
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where1=(1,0,0,0),i =(0,1,0,0),j =(0,0,1,0)andk =
(0,0,0,1).Inthiscasealsox-I =x/II xII, where(Xl, x2,x3,X4)
= (Xl, -x2, -x3, -X4). With this multiplicationand the
usualvectorspacestructure,JR4 is anassociativedivision
algebraoverR But youhaveto becarefulaboutdividing
a bybontheleftoron theright! This algebrais calledthe
algebraof quaternionsandis denotedbyJill.
Observethatmultiplicationi IHI isnotcommutative,where-
asmultiplicationin realsor complexnumbersis commuta-
tive. Soyou knowwhy it took304yearsto definequater-
nions.Also, a polynomialmayhaveinfinitelymanyzerosin
IHI. Find thezerosof x2+ 1in IHI (exercise).
If weidentifyIHI with C x C via
X +yi +zj +wk=(x+yi) +(z +wi)j I-t (x +yi,z+wi),
thenthemultiplicationi (2)canbeobtainedfromthefor-
mula
(x,y) . (z,w)= (xz- wy,wx+y'Z). (2')
whereherex, y, z and ware elementsof C.
Now, if wetakex,y,z,w E IHI in (2'), thenwegeta mul-
tiplicationon JR8. Therefore,for n E {I,2,4}wehavethe
following:
Multiplicationin JR:.tncanbeobtainedfromthatof JRn
bytheformula:(x,y) . (z,w)=(xz- wy,wx+y'Z).
Thereis anotherwayto rememberthemultiplicationin JR8
bythefollowingrule:
(el.e2).e4=el.(e2.e4)=(e2.e3).es=e2.(e3.es)=(~3.e4).e6
=e3.(e4.e6)=(e4.es).e7=e4.(es.e7)=(es.e6).el=es.(e6.eJ)
=(e6.e7).e2=e6.(e7.e2)=(e7.el) .e3=e7.(el.e3) =e;=
- -l=-eo and (er.es).es=es.(es.er)=-er
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1An algebmoverJR consists
of a vectorspaceV overJR,
togetherwith a binary op-
erationofmultiplication('.')
on thesetV ofvectors,such
that for all a in JR anda, (3,
, in V, the followingcondi-
tions aresatisfied:(i) (aa) .
(3=a(a . (3)=a . (a(3),(ii)
(a +(3). , = (a .,) + «(3.,)
and(Hi)a.«(3+,)=(a.(3)+
(a .,). If moreoverV satis-
fies (iv) (a. (3)" =a .«(3.,)
for all a, (3" in V, thenV is
calledan associativealgebra
overJR. An algebraV over
JR is a divisionalgebraover
JR if V hasa unity for mul-
tiplicationandeachnonzero
elementx hasa uniqueleft
inverseXL, a uniquerightin-
verseXR,with XL = xR.This
is denotedby x-I.
An easywayto remembermul-
tiplicationin JRs is: epepHep+3
=e~=-1 forp, q E {I, ...,7}
(additionin thesuffixis mod-
ulo 7).
Ina lettertoJohn
Graves,writtenon
October17,1843,
W R Hamilton
announcedthe
discoveryof
quatemionsone
dayafterthe
discovery.
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John Gravesfound
analgebrawith8
basiselementsin
December1843.In
1848hepublished
hisdiscoveryinthe
Transactionsofthe
IrishAcademy,21,
p.388.Octonions
wererediscovered
byArthurCayleyin
1845(Collected
PapersI, p.127
andXI, p.368-
371).Becauseof
thistheoctonions
areknownas
Cayleynumbers!
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for r, s E {I, 2, . . . , 7}, wherethe identificationbetweenRS
and 1HIx 1HIis given by eo =. (1,0,. . . ,0) ~ (1,0), el =
(0,I, 0,... ,0)~ (i,O),e2 ~ (j,0), e3 ~ (0,1),e4 ~ (k,O),
e5 ~ (O,j), e6~.(O, -k) and e7= (0,...,0, 1) ~ (0,i).
Now, (€I' e2). e5= e7=I-e7 = €I . (e2' e5). Therefore, this
multiplication in RS is non-associative.However,in RS also
eachnon-zerox has unique inverse,namely,x-I = x/II xiI.
where (hI, h2) = (hI, -h2), i.e., (Xl, . . . ,XS)= (Xl, -x2, . . . ,
-Xs). RS with this multiplication forms a non-associative
divisionalgebra,denotedby 0, calledthe algebraof octo-
nions or Cayleynumbers.
Observation 1: Any twooctonionsgeneratean associative
sub-algebraof O.
If wecontinuefurtherwith theformula(2') to definea mul-
tiplication on R16, then we get (el,e2)' (e5,-e7) = (0,0).
Thus we get 'divisors of zero'. So we better stop here! (If ~
and yare two nonzeroelementsuchthatxy =0,thenthey
arecalleddivisorsof zero.A divisionalgebradoesnothave
divisorsof zero(exercise).)
All thesefouralgebrasR, C, 1HIand0 arenormedalgebras,
Le.,Ilx'yll = Ilxll'lIyll,where1111denotestheusualEuclidean
length. Rand C arecommutativealgebras.R, C and 1HI
areassociativealgebras.
Thus, Rn has a division algebrastructure if n E {I, 2,4,8}.
Question: Does there exist n, other than 1, 2, 4 and 8,
forwhichRn hasa divisionalgebrastructureoverR? This
questionis resolvedby thefollowingtheorem.
Theorem A : Rn has a division algebrastructureoverR if
and only if n E {I, 2,4,8}.
Remark:An examinationof theproofof TheoremA (which
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will be givenin Part 2) will showthat we haveactually
provedthefollowingstatement:JRnhasanalgebrastructure
overJR withoutdivisorsofzeroifandonlyifn E {I, 2,4,8}.
Vector Product
Recallthe crossproduct(or vectorproduct)on ]R3. It is
givenby
i xj =k =-j xi,
k x i =j = -i x k,
j x k =i = -k x j,
ixi=jxj=kxk=O
wherei, j, k herearetheusualbasisvectorsin JR3 andbilin-
earity(ordistributiveproperty)is assumed.Is it in anyway
relatedto JH[ ? Yes!
If wetakeJR3 =SpanJR({i,j, k})~ JH[,then2
x x y = imaginarypartof x. y.
This crossproducthasthefollowingproperties
(x x y) .Lx, (x x y) .L y and3
IIx x yll2= (x,x)(y,y)- (x, y)2
4forall x, y in JR3.
By a vectorproducton JRn we meana continuousmapping
v : JRn X JRn -+ JRn with the propertie.s(3) and (4). More
precisely,we havethe followingdefinition.
Vector product: A continuousmap II : Jl(.n X
iscalledavectorproducton]Rnifll(x,y) .L x, v(x,y) .L y
andIIII(x,y)1I2= (x,x)(y,'y)- (x,y)2forallx,y E JRn.
Thus,theusual'crossproduct'onJR3 is avectorp~oductin
thissense.The mapII : JR x JR -+ JR, givenby II(x, y) = 0
forallx, y E JR,is clearlyavectorproductonJR. It isalso
notdifficultto seethat this is theonlyvector.producton
JR. ConsiderJR7asthe'imaginary'subspaceof JR8 =0, i.e.,
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2 For al,.. . ,ap in JRn,
SpanJR({aI, . . . ,ap})
denotesthesubspace
generatedby
{al,... ,ap}.
(3)
(4)
3 If (z,w) = 0 thenwesay
z isorthogonaltowandwe
writez .Lw.
4 Here(,) denotestheusual
innerproduct(alsoknownas
'dotproduct')in ]Rn,namely,
{(Xl,... ,Xn), (YI,... ,Yn» =
XIYI+",+xnYn.In,thisar-
tide'.' correspondsto multi-
plicationin thealgebrasense,
not theinnerproduct.
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- I
R7 also has a
vector product like
R3
Whenwe replace
Rbyc ,we lose
theorderingbutwe
gainthe
Fundamental
Theoremof
Algebra,namely,
"everynon-
constant
polynomialoverC
hasa zero inC ".
Andhence(thanks
tothecommutative
property),a
polynomialof
degreen has
exactly(ifyou
count properly) n
zeros.Whenwe
consider R" we
losecommutative
propertybutwe
gainsomething.A
polynomialmay
haveinfinitely
manyzeros. What
again!
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jR7 = SpanjR({el,...,e7})'Definev(x,y) (= x x y) ._
the imaginarypart of x. y. Then v satisfies(3) and (4). So,
wehavea vectorproduct on jR7also. Thesevectorproducts
on JR3 and jR7havethe followingproperties:
x x y =-y x x, (5)
x x (ay+bz)= (ax)xy+(bx)x z = x x (ay)+x x (bz), (6)
IIxll2= {x,x}= -x' x, (7)
{x,y}= - realpartof x.'y and (8)
x'y = -{x,y}+x x y (9)
foralla,bE JR andx,y,zE jRn,wheren=3or7.
Hereis thevectorproducttableonJR7.
This tableals.ogives(see(9))themultiplicationin O.
Question: Doesthereexistintegern otherthan1,3and7
forwhichjRnhasa vectorproduct?This questionis again
answeredby thefollowingtheorem.
Theorem L: jRP hasa vectorproductif and only if p E
{1,3,7}. .
Sums of Squares Formulae
We all knowthesumsof squaresformulae
(a~+a~)(a~+a~) -
Al =alaI - a2a2 and
2 2 hAl +A2' were
A2=ala2+a2al. (10)
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x el e2 e3 e4 es e6 e7
el 0 e4 e7 -e2 e6 -es -e3
e2 -e4 0 es el -e3 e7 -e6
e3 -e7 -es 0 e6 e2 -e4 el
e4 e2 -el -e6. 0 e7 e3 -es
es -e6 e3 -e2 -e7 0 el e4
e6 es -e7 e4 -e3 -el 0 e2
e7 e3 e6 -el es -e4 -e2 0
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So,productofsumsof squaresof integersis a sumofsquare
oftwointegers.(10)followsfromthefactthat
(11)
foranytwocomplexnumbersz andw. As themultiplication
inJHI is alsonormpreserving,if wetakequaternionsin place
ofcomplexnumbersin (11)wegetS
=
where Al =alaI
A2 =ala2
A3 =ala3
A4 =ala4
a2a2 - a3a3 - a4a4
+ a2al +a3a4 - a4a3
a2a4+a3al +a4a2
+a2a3- a3a2+a4al. (12)
Similarly,fromnormpreservingoctonianmultiplicationwe
get
whereAI"", As aregivenby
[AI' .. As] =[al ... as][M], (13)
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5Eulerdiscoveredformula(12)
in 1748,muchearlier than
Hamilton'sinventionofquater-
nions,whileinvestigating"the
theorem(laterprovedbyLa-
grangein 1869)that 'every
positiveintegeris a sumof
four integralsquares'.Euler
showed,by provingformula
(12), that it is sufficientto
provethe theoremfor every
prime.So,Eulerknewquater-
nionmultiplication!
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al a2 a3 a4 as a6 a7 as
-a2 al -as -as a3 -a7 a6 a4
-a3 as al -a6 -a2 a4 -as a7
[M]=I -a4 as a6 al -a7 -a3 as -a2-as -a3 a2 a7 al -as -a4 a6
-a6 a7 -a4 a3 as al -a2 -as
-a7 -a6 as -as a4 a2 al -a3
-as -a4 -a7 a2 -a6 as a3 al
Observethat, for n = 2,4 and 8, AI,.... An are linear in
al. . . . .an and also in aI, . . . ,an in (10), (12) and (13) re-
spectively. So, it is natural to ask for the valuesof n for
whichthereexistsan identity ofthe form (ai+.. '+a)(ai+
... +a) =Ai +... +A, where AI.. . . . An are linear in
6A mapf : ]RmX]RR-+]RP
is called bilinear if f(alCltl +
a2C1t2,{3}= ad(Cltl, {3}+
a2f(Clt2,{3}and f{CIt,b1{31+
b2(32)= bd{CIt,(31)+~f(CIt,{32}
for all CIt,Cltl,Clt2E ]Rm, .
{3,{31,{32E]RRandal,a2,bl,
b2 E 1R.
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al, ,anandalsoin 01,..., an. In 1896,A Hurwitzproved
thefollowing:
TheoremS: If thereexistsan identityof theform (ar+
.. '+a~)(ar+" '+a~)=Ar+" .+A~, where AI,"" An are
linearfunctionsoral,... ,an and01,... ,an thenn = 1,2,4
or 8.
In 1923, A Hurwitz proved the following stronger result
(TheoremN). Any positiveintegern canbeexpresseduniquel
as: n = 24C1t+.B(2-y+l),where0 ~ fJ ~ 3. Let k(n) :=8a+2{3
forthatn. ~
Theorem N:If thereexistsa bilinear6 map such that f :
]Rmx]Rn~ ]Rnsuchthat IIf(y, x)1I= lIyll'lIxll for all y E ]Rm
and x E ]Rn thenm ~ k(n).
Remark: In fact,Hurwitzshowed(fora differentproofsee
pages140and 156in Husemoller)that for eachn thereis
a bilinear map f : ]RmX ]Rn ~ ]Rnsatisfying II f (y,x) II =
lIyll. IIxll for m =k(n) but not forbiggerm.
TheoremN alsofollowsfromanothertheoremof Adams.
Wewill discussall theproofsin Part 2 of thisarticle.
SuggestedReading
. D HusemoUer.FibreBundles.Springer-Verlag,1966.
Nowadaysuperelasticalloysareavailablethatbehavelike
rubberandareabletoendurehugeelasticdeformations- two
ordersofmagnitudegreaterthanordinarymetals.Ontheother
hand,manykindsofalloyscanbebroughtoa super-elastic
state,whentheyflowunderverylowpressurelikeheatedglues.
QuantumKaleidoscope.pp.33.Sept-Oct,1995.
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